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Abstract The present paper addresses the design of dis-

crete time robust H2 track following dynamic output

feedback controller for hard disk drives where uncertain

parameters enter in a non-linear fashion into plant

description. Uncertain parameters are considered as ran-

dom variables with uniform distribution. The controller is

designed to meet the performance specification with

desired probabilistic levels (accuracy and confidence). The

design is benefited from convex optimization in design

parameter space and randomization in the uncertainty

space. A localization method based on analytic center

cutting plane algorithm is employed in order to find the

probabilistic robust feasible solution. As a result of ran-

domization, the computational complexity of the algorithm

does not depend on the number of uncertain parameters and

no conservatism is introduced while handling uncertain

parameters. The effectiveness of the designed controller is

verified through simulation as well as experiment.

1 Introduction

One of the key points in increasing storage density in hard

disk drives (HDDs) is to increase the track density which in

turn requires more accurate positioning system. Disk drive

industry projects to achieve aerial density of 10 tera bits

per square inch (10 Tb/in2) which requires the servo

algorithm to provide track mis-registration (TMR) budget

of 1.16 nm. TMR is the variance of the deviation of read

write head form the center of a data track (Chen et al.

2006). Such a high accuracy needs to be granted for all disk

drives in a production line. On the other hand, due to a

number of factors such as manufacturing tolerance, (slight)

change in environmental conditions, change in raw mate-

rials, etc., the dynamical model of disk drives (in the same

batch) will not be exactly the same. Furthermore, currently

there is no low cost tuning algorithm for fine tuning each

and every drive. Hence, a single controller must be able to

meet the desired performance specifications. With the

current growth in storage density, which is roughly fol-

lowing Moore’s law, the problem of uncertainty in the

dynamical model has become more and more significant.

Classical control techniques such as PID, Lead-Lag and

notch filter are unable to handle parametric uncertainty by

design. In general, there are two types of uncertainties:

parametric and non-parametric. In this paper we aim at

tackling (non-linear) parametric uncertainty in HDD.

Classical robust techniques such as H1 design (Doyle

et al. 1989), l-theory (Packard and Doyle 1993) and robust

H2 (Kanev et al. 2004) have been extensively studied for

HDD; see for instance, Hernandez et al. (1999); Nagamune

et al. (2010) and references there in. However, coming to

parametric uncertainty which enters non-linearly into

model, the classical robust designs (including but not

limited to the mentioned approaches) are often not
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effective. They either come up with an over conservative

design or they are very computationally complex specially

in cases where the number of uncertain parameters are

significant such as disk drive servo design. For instance,

the computational complexity of robust H2 approach

(Kanev et al. 2004) increases exponentially with the

number of uncertain parameters. Furthermore, in HDD

industry performance provided by the control algorithm is

of vital importance and it is not desirable to sacrifice per-

formance in order to achieve robustness (in conservative

type of design). To overcome the mentioned drawbacks, a

new innovative approach was proposed which benefits

from randomization in the uncertainty space and convex

optimization in the design parameter space. The main

feature in this paradigm is to use randomization in order to

estimate the probability of violation of the performance

criteria over the uncertainty set. The theory is known as

randomized algorithms (Tempo et al. 2005). Although the

theory of randomized algorithms was initiated in the early

eighties (Stengel 1980) the first systematic design method

was presented in Polyak and Tempo (2001) for linear

quadratic control design and later was developed to deal

with general linear matrix inequality (LMI). Initially the

design was based on sub-gradient iteration and later on

design methods based on localization algorithms such as

ellipsoid (Kanev et al. 2003) and cutting plane (Calafiore

and Dabbene 2007) iterations were introduced which has

some advantages over the gradient based method. The

ellipsoid iteration may run into some numerical problems

due to the degradation of the condition number of the

matrix which defines the shape of ellipsoid. Therefore, the

cutting plane algorithm seems to be more numerically

stable. However, a drawback regarding three mentioned

algorithms (gradient, ellipsoid and cutting plane iterations)

is the convergence rate. The convergence rate is linear

because they only use the first derivative information in

order to find the next iteration point. Another successful

strategy which has recently been developed is the scenario

based design (Calafiore and Campi 2004). However, the

limitation of the scenario approach is its computational

complexity which is alleviated in Chamanbaz et al. (2013a,

b). In Chamanbaz et al. (2013a, b) a randomized algorithm

based on statistical learning theory was proposed which

derives the explicit sample complexity for solving uncer-

tain linear and bilinear matrix inequalities (LMI/BMI).

In this paper, we use the sequential approximation

method based on cutting plane algorithm to find the

probabilistic robust feasible solution to the formulated

problem which is the design of discrete-time H2 track-

following control of read write head in hard disk drive. It

turns out that by accepting a very small risk that the

objective function may become violated, we are able to

design a controller with desired performance. The same

design using classical robust method is either impossible or

very computationally expensive and leads to a conservative

performance level.

2 Problem formulation

In disk drive track following servo design, the goal is to

minimize root mean square (RMS) of the positioning error

signal (PES) while disturbance applied to the system is

assumed to be Gaussian white noise. Using Parseval’s theo-

rem, we can represent PES minimization as a standard H2

control synthesis. Introducing uncertain parameters which

enter non-linearly into the plant description, makes the

uncertain problem extremely difficult to solve. Figure 1

shows the extended open-loop plant which is the uncertain

plant augmented with necessary weighting functions. PVCM

denotes the transfer functions of voice coil motor (VCM). The

measured as well as identified model of the VCM actuator is

depicted in Fig. 2. VCM model is formulated in the form

PVCM ¼
X4

i¼1

Ai

s2 þ 2fixisþ x2
i

ð1Þ

where fi;xi and Ai are damping ratio, natural frequency

and modal constant respectively. We assume fi and xi to

vary within 10 and 8 % from their nominal values. It is

clear that uncertain plant parameters enter into the model in

a non-linear fashion. The weighting functions Wp(z) and Wu

are used for shaping the sensitivity transfer function and

penalizing the control input applied to the plant. In par-

ticular, the sensitivity transfer function is supposed to

follow 1
WpðzÞ and Wu is chosen to be a constant.

The state space realization of the augmented open loop

plant depicted in Fig. 1 is in the form

ð2Þ

where superscript D represents matrixes which include

uncertain parameters and z = [z1,z2]T. The goal is to design

Fig. 1 Augmented plant
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a discrete time dynamic output feedback controller of the

form

ð3Þ

which minimizes H2 norm of the transfer function matrix

from disturbance to output channel in the closed loop

system. In other words, we aim to solve the following

problem

minimize
KðzÞ

max
D

Tz wk k2 ð4Þ

where Tz w represents the closed-loop transfer function

matrix from w to z = [z1,z2]T.

2.1 Discretization

Since the controller needs to be implemented on a digital

processor, we need to design the controller in discrete time.

On the other hand, we must have all the open-loop matrixes

defined explicitly based on uncertain parameters (fi and

xi). Then, each resonance mode is discretized analytically

using zero order hold (ZOH). The discretized form of each

resonance mode is in the form of

ResiðzÞ ¼
aizþ bi

z2 þ cizþ di

where z is discrete operator and parameters ai, bi and ci are

in terms of natural frequency, damping ratio, modal con-

stant and sampling time.

3 Controller design

The optimization problem (4) can be recast in LMI format

(De Oliveira et al. 2002) as:

minimize
W;P;K;c

c subject to XðW;P;K; cÞ � 0 ð5Þ

where

XðW;P;K; cÞ ¼ ðc2 � traceðWÞÞ � W CD
clP

H P

" #

�
P AD

clP BD
cl

H P 0

H H I

2

64

3

75 � 0

ð6Þ

where P ¼ PT ;W ¼WT and K are design variables and

AD
cl;B

D
cl and CD

cl are uncertain closed loop matrixes obtained

from interconnection of the plant (2) and the controller (3).

We note that Dcl = 0, otherwise the H2 norm of the closed

loop system becomes infinity. For simplicity of notation

denote all design variables by h. Therefore, the LMI (6) can

be decomposed as

Xðh; qÞ ¼ X0ðqÞ þ
Xn

i¼1

hiXiðqÞ:

where q 2 Q � R‘ represents the vector of uncertain

parameters and n is the number of design variables.

The approach which is used for solving the uncertain

problem (5) is based on the idea of probabilistic analytic

center cutting plane method (PACCP) (see e.g. Calafiore

and Dabbene 2007). In order to solve (5) based on this

approach, we first need to introduce an scalar function

which indicates if the constraint (6) is violated for partic-

ular design and uncertain parameters. In this paper we use

the maximum eigenvalue as indicator function which is

convex in h for fixed q

f ðh; qÞ ¼ kmaxð�Xðh; qÞÞ:

Therefore, the constraint (6) is satisfied if and only if

f(h,q) \ 0. The function f(h, q) is non-differentiable

whenever the maximum eigenvalue has multiplicity of

greater than one (Overton 1987). We can still compute the

sub-gradient using variational characterization of the

largest eigenvalue (Horn and Johnson 1990). The sub-

gradient has been readily computed as

ohf ðhk; qÞ ¼ ½�gT
maxX1ðqÞgmax; . . .;�gT

maxXnðqÞgmax�

where gmax is a unit norm eigenvector associated with the

largest eigenvalue of �Xðh; qÞ:
The algorithm for finding the probabilistic robust fea-

sible solution to (5) goes as follows:

1. Initialization: Set the iteration counter k to zero and

find the initial polytope which contains the solution

set.

2. Probabilistic Oracle: Derive N(k) number of samples

[based on (10)] from the uncertainty set. Check if
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Fig. 2 Measured as well as identified frequency response for VCM

actuator
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f(hk,q
(i)) \ 0 for all samples. If so return hk as a

probabilistic robust feasible solution. Else, go to the

next step with the violation certificate.

3. Update Rule: Update the localization set based on

cutting plane algorithm.

4. Outer Iteration: Set k = k ? 1 and go to step 2.

Next, we will describe different steps of the algorithm in

details.

3.1 Initialization

We first need to compute the polytope which contains the

solution set. This can be done by first computing an

ellipsoid which contains the solution set using the algo-

rithm in Boyd and El Ghaoui (1993) and then finding the

minimum polytope which contains the computed ellipsoid.

We note that the radius of the initial polytope will affect

the number of iterations required for the convergence.

3.2 Probabilistic oracle

The key point in using cutting plane, ellipsoid or sub-

gradient algorithms is to check if a query point is feasible

for the uncertain problem or not. This problem is in general

very difficult since it requires to check infinite number of

points in the uncertainty set. However, we can recast this

problem into a probabilistic framework and use Monte

Carlo type of algorithm to check if the point is feasible in

probabilistic sense or not. In other words, we desire to

check (exactly) if

f ðhk; qÞ\0 8q 2 Q: ð7Þ

The probabilistic version of the problem (7) is as

follows:

Probqff ðhk; qÞ\0g� 1� e ð8Þ

where e 2 ð0; 1Þ is a risk term which can be chosen

arbitrary small and Probq is the probability measure over

the uncertainty space. The problem (8) is even more

difficult than the original problem (7) since it requires the

computation of multi dimensional integrals which in

general is very difficult. However, in the probabilistic

framework, we can estimate the rate of satisfaction of (8)

using randomization in the uncertainty space. Therefore,

the revisited objective is

Probqð1...i...NðkÞÞfProbqff ðhk; q
ðiÞÞ\0g� 1� eg� 1� d ð9Þ

where (1 - d) is referred to as confidence level and ð1� eÞ
is clearly accuracy. There are a number of results for

choosing the number of required samples N(k) which

guarantees (9). The very early bounds was based on

Markov inequality (Markov 1884) and the more recent

ones is the famous log over log bound (Tempo et al. 1996).

We have used the most recent bound derived in (Oishi

2003) which is the least conservative one and is basically

an extension of log over log bound

NðkÞ� 0:5þ 2logk þ logð1=dÞ
log 1

1�e

: ð10Þ

The Monte Carlo simulation which probabilistic oracle

is based on is a widely accepted technique in solving

problems for which there is no closed form solution (see

e.g. Myo et al. 2011). Therefore, in probabilistic oracle we

extract N(k) independent and identically distributed (i.i.d)

samples from the uncertainty set based on the underlying

probability density function and if f(hk,q
(i)) \ 0 for all

samples, the probabilistic inequality (9) holds and the

candidate point is probabilistic robust feasible solution to

(6) and if it is violated for even one sample extracted from

the uncertainty set, we continue to the next step (update

rule) with the violated plant as violation certificate.

3.3 Update rule

Cutting plane method (Goffin and Vial 2002; Mitchell

2003) is a localization based method which at each itera-

tion tries to shrink the volume of a polytope containing the

solution set. From convexity of f(h, q) and the definition of

sub-gradient it holds that

f ðh; qðiÞÞ � f ðhk; q
ðiÞÞ þ ohf ðhk; q

ðiÞÞðh� hkÞ

where q(i) is the point for which f(hk,q
(i)) C 0 (the violation

certificate obtained from the probabilistic oracle). Since

f(hk,q
(i)) C 0 hence, for all points in the half space Hk ¼

fh : ohf ðhk; q
ðiÞÞTh [ ohf ðhk; q

ðiÞÞThkg; f(h, q(i)) is non-

negative (f(h,q(i)) C 0) and we can conclude that the

solution is not in the intersection of the current polytope X k

and the half space Hk and it can be cut from the solution

set. The procedure is depicted in the Fig. 3. We note that

the updated candidate solution is the analytic center of

X kþ1 which can be efficiently computed using Newton

algorithm.

The algorithm is interesting in the sense that the sample

complexity (10) does not depend on the number of

uncertain parameters and therefore, the computational

complexity of the algorithm does not depend on the

dimension of the uncertainty set, in contrast with classical

robust paradigm where computational complexity grows

exponentially with the number of uncertain parameters.

Another interesting point about the design procedure is that

no conservatism has been introduced while handling the

non-linear parametric uncertainty.
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4 Simulation study

The algorithm given in Sect. 3 has been applied to the

problem of discrete time robust H2 track following control

of hard disk drive and simulation results are presented in

this section. Matlab (Tremba et al. 2008) and YALMIP

(Löfberg 2004) are employed to carry out the simulation.

Uncertain parameters are considered as random variables

with uniform distribution. The choice of uniform distri-

bution is chosen due to its worst case nature (Bai et al.

1998). The probabilistic levels e and d are chosen to be

10-3 and 10-6 respectively. After 661 iterations all the

extracted samples satisfy the constraint (6) and the algo-

rithm exits with a probabilistic robust feasible solution.

4.1 Performance verification

In order to further demonstrate the robustness of the

designed controller we extracted 500 random samples from

the uncertainty set and formed the error rejection (sensi-

tivity) transfer function for each random realizations. Fig-

ure 4 shows the obtained sensitivity transfer function for

500 uncertain scenarios. As it is clear, the sensitivity

transfer function does not degrade over the uncertainty set

which proves the robustness of the designed controller. We

denote that we designed a controller for the nominal plant

using h2syn command in Matlab and run the same

experiment which is reported in Fig. 5. Apparently, the

closed loop system is unstable for some uncertain realiza-

tions which further proves the effectiveness of the designed

controller. Furthermore, we used a standard disturbance

model available in the literature in order to evaluate

robustness in terms of track following performance. The

disturbance is applied to all 500 uncertain realizations. The

result of this simulation is tabulated in Table 1. Finally,

Fig. 6 compares the designed probabilistic controller with

Fig. 3 Analytic center cutting plane method
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Fig. 4 Closed loop sensitivity plots of 500 random realizations for

the designed probabilistic controller
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Fig. 5 Closed loop sensitivity plots of 500 random realizations for

the nominal H2 controller resulted from h2syn command in Matlab
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Fig. 6 Comparison between the designed probabilistic controller and

the nominal H2 controller resulted from h2syn command in Matlab

Table 1 Comparison of the nominal and worst case performance

specifications

TMR (nm) RMS(uV) (mV) uVk k1 ðmVÞ

Nominal Worst

case

Nominal Worst

case

Nominal Worst

case

10.89 11.21 14.5 14.8 68 68
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the nominal H2 controller resulted from h2syn command

in Matlab.

5 Real time control implementation

In this section, the designed controller in Sect. 3 is verified

through experiment. The experimental condition is tried to

be exactly the same as normal operating condition of HDD.

The position of the read/write head is measured using Laser

Doppler Vibrometer1 (LDV) and is fed back to the real

time processor. The real time processor is a DSP-based

system2 in which the control algorithm is implemented. In

order to let the head tip to be accessible to the LDV, the

aluminium foil which is covering a small hole on the casing

is replaced with a transparent glass. The glass isolates the

internal environment from dust and keeps the internal air-

flow the same as normal operating condition. Furthermore,

all the experiments are carried on a vibration free table to

minimize the effect of external vibrations. Figure 7 shows

the experimental as well as simulated error rejection

(sensitivity) transfer function for the designed controller.

Figure 8 compares the experimental and simulated closed

loop transfer function for the same controller. Another

performance measure which is important in servo design is

step response. Figure 9 demonstrates the step response of

50 nm (peak) and the corresponding control input to the

VCM actuator. The experimental and simulation results

match fairly and the small difference is due to different

delays in the experimental setup such as computational

delay and input output channels delay which occurs mostly

at high frequency as it is clear from phase plots. LDV noise

and repeatable disturbance due to disk rotation (main

component and its harmonics) also contribute in having

slightly different results in the experiment.

6 Conclusion

A discrete time robust H2 track following dynamic output

feedback controller was designed for hard disk drives in a

probabilistic framework. The computational complexity of

the algorithm is based on a priori bounds, which depend

only on probabilistic levels e and d. Therefore, the com-

putational complexity does not increase with the number of

uncertain parameters at the expense of accepting probabi-

listic risk terms which can be arbitrarily small. In spite of

the classical robust paradigm, the original non-linear

uncertainty is treated as it is and is not embedded into a

larger affine structure. The effectiveness of the designed

controller is verified through extensive simulations and

experiments.
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